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The simplest nonlinear perturbation of 
the classical wave equation 


Hu = Au — ug = F(x,u) 


(x e R", A = Laplacian) can have solutions 
which blow up at a finite time [3]. However, 
if F(x,u) = u” with p an odd integer, weak 
solutions to the Cauchy problem exist for all 
time [6] [4]. In this paper we reach the same 
conclusion for arbitrary continuous functions 
F(x,u) which are of the same sign as u (Theo- 
rem 2). 

Smoothness, even uniqueness, of solutions 
is known only under severe growth restrictions 
on F or its derivatives [2][5][1][9], for instance 
if F is Lipschitz in u; or else under restrictions 
on the size of F or the initial data [7][9]. 

We choose the most elementary approxim- 
ation scheme: F is replaced by an approximat- 
ing sequence of Lipschitz functions. This 
scheme is useful because the approximate 
problem is of exactly the same type as the 
original one, in addition to enjoying smooth 
solutions. A similar approximation is then 
applied to prove the existence of weak solutions 
whose local energies decay exponentially in 
time, under appropriate conditions on F 
(Theorem 3). 

Passage to the limit succeeds because of 
a simple sufficient condition for strong conver- 
gence in L' of a sequence of functions (Theo- 


rems 1.1 and 1.2). This condition, which 
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does not seem to be present in the literature 
in complete generality, is also useful in other 
connections, for instance, in the monotone 
theory. I thank H. Brezis for some stimul- 
ating discussions in this regard. 


1. A CONVERGENCE CRITERION 


It concerns a sequence of possibly vector- 
valued functions v,(x) in L', which in Theorem 
1.1 are of the form F,(x,u;(x)). All spaces — 
in this paper are taken to be real. If (Q,dx) 
is & measure space and X a Banach space, 
L’ (Q;X) denotes the Banach space of strongly 
measurable functions on Q with values in X 
a.e. whose X-norms are L’(Q), where l<p<o. 


THeoreM 1.1. Let Q be a finite maesure space 
and X and Y Banach spaces. Let {u;! bea 
sequence of slrongly measurable functions from 
Q to X. Let (F;! be a sequence of functions 
from Q & X into Y such that 

(a) (F;} as uniformly bounded in Y on Q XB, 
for any bounded subset B of X; 


(b) F;(x,uj;(x)) ts strongly measurable and 
fo (x) |x| F; (x,u; (x) |y dx < ¢ < &; 
Q 
(c) |F; (x,u; (x) -—v (x) ly 30 ace. 
Then ve L' (Q:;Y) and 


fie (x,u; (x)) — v (x) |y dx > 0. 


Proor. On the set where |u; (x) |x > 1, we 
have |F; (u;)ly < |u; |x| Fj (uj) ly. On its 
complement {u;} is uniformly bounded. So 
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{F; (u;)} is » bounded in L'(Q;Y). By Farovu’s 
lemma, vel’ (Q;Y). 

By Ecorov’s lemma, |F; (u;) — v| y tends 
to zero except on some set Q of arbitrarily 
small measure 6. So it remains to show that 
the integral of |F; (u;) jy over Q is less than 
e (say) for all j, that is, uniform absolute con- 
tinuity of the integrals. 

By (a), |u|x is large if |F; (x,u)|y 1s large. 
So we can find N with the property that 
if |F; (x,u)|y > N for some j and some x e Q, 
then |ulx > 2e/e. Let be the set of points 
in Q) with |F; (x, u;(x))|y > N, and let 2” 
be its relative complement in Q. Then for 
any j we have 


fox (u;) |ydx < Nd < = by choice of 6, 
QQ” 


ee € 
fir (uj) | y < © fiujixi Fu) vax s & 


Theorem 1.1 can be stated directly in 
terms of v; (x) = F; (x,u; (x)). A direct argu- 
ment gives 
THEOREM 1.2. Let 2,X and Y be as in Theo- 
rem 1.1. Let {v;} be a sequence of strongly 
measurable functions from Q to Y and {G;} 
functions from 2X Y to X such that 
(a) |G; (,wlx— © uniformly as |p| y—> @. 
(b) |G; (+,v; (+)) |x ts measurable and 


fis, (x, v; (x)) |x| vj &)|y dx <¢ < @. 
If |v; (x) — v(x) |y7 0 @e., then v;— v strongly 
in L' (Q; Y). 


ExampLr. If a sequence of functions {w;} 
is bounded in L? and converges a.e., then it 
converges to the same limit w strongly in 
L° for 1<q<p, and hence weakly in L?. 
(Apply Theorem 1.2 to v = |w; — w|”). 


2. EXISTENCE 


For present purposes we make the 


DEFINITION. Let 2 be an open subset of R”. 
A finite energy solution of the problem 


penne 
; u = O(x « ag, t real) 
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is a function u(x,t) defined a.e. in Q for each 
t such that: 


(A) u(resp. u,) is a weakly continuous 
function of t with values in Hg () (resp. 
L* (Q)). 


(B) f is a locally integrable function 
on 2 X R. 


(C) Uu =f in the sense of distributions. 


H1(Q) denotes the space of L’ functions 
on 2 with first derivatives in L?; H9(Q) is the 
closure in this space of the functions with 
compact support in 2. (,) denotes the inner 
product in L? (Q); <,> the inner product 
in L?(Q X R); and <,>-> the inner product 
in L* (Q X (0, T)). 

It follows from (A) — (C) that, for any 
oe, 


(1) (u,(T),  (T)) — Cu, ©), ¢ (0)) — < Ut, Ot Mr 
+<Vu,V Port , o> 7 = 0 


for all ¢ € Lyce (Rj Ho (Q)), o¢ € Lgoe (R; L® (Q)), 
provided that f ¢« Lg. (R; L’ (Q)). The sub- 
scripts “foc” indicate that the restrictions 
to any bounded interval belong to the space 
in question. To prove this assertion, we 
write (C) in the form 


— Ut, Wrr t+ <V u, V port <f, pr= 0. 


By continuity this is valid for p L'(R Hy; (Q)), 
ve L'(R;L’@)). Set w(x, t) = 0 (t) o &, t) 
where 90(t) is identically one in (0, T), zero 
outside ( — 6, T+ 6) and linear in the two 
remaining time intervals. Upon letting 6— 0 
we achieve (1). 


THEoREM 2. Let Q be open in R® and F(x, u) 
be a continuous function on Q X R such that 
u F(x,u) >0. Let u,eL* (Q) and uo « Hp (©). 
Denote by G (x, u) the function such that Gy = F 
and G(x,0) =0, and assume that G (+, Uo (-)) 
is integrable on Q. Then there exists a finite- 
energy solution u(x,t) of the problem 


Ou =F(x,u(x,t))inQ X R,u =O00n XR 


which enjoys the initial conditions u(x, 0) = 
Up (x), Uz (x, 0) = uy (x). In addition, uF (u) = 
u (x, t) F (x, u (x, t)) is integrable on Q X (— T, T) 


SS eee 


O_O EO ee eer wen ree ee ee 
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for any finite T; and the solution enjoys the 
energy inequality for all t: 


2 1 9 
@ f{Lival+t in + Go) } a < 
al 2 2 


1 
Ait | V uol” + > |u|" +G oo) dx. 


Remark. A forcing term belonging to Lg,. 
(R; L? (Q)) may be added to the equation. 
Other boundary conditions can also be consider- 
ed. Also see the corollary below. 


Lemma 2.1. Let F (x, u) be measurable in x, 
enjoy a Lipschitz condition in u uniformly 
in x, and vanish when u=0. Let up € Ho(Q) 
and u, ¢ L7(Q). Then there is a unique finite- 
energy solutiun u which ts stronyly continuous 
with values in H4(Q) (resp. u, in L7(Q)), such 
that F(u)eL™, (R; L?(Q)), the energy equality 
((2) with equality) is valid, and the usual domain 
of influence property 7s valid. 

The proofs of this standard lemma and 
the next lemma are given at the end of this 
section. 


LemMMA 2.2. The function F of Theorem 2 
can be approximately by a sequence of continuous 
functions {F, such that: (i) F, tends to F 
uniformly on bounded sets; (ii) for each k 
there is a continuous function ¢,(x) with 


Py) — Pee 21 So. lar 
(ili) u F, (x,u) < 0. 


Proor or Turorem 2. Let {uj} be a se- 
quence of functions with bounded supports 
in Q (closure of 2) which tends to u, in L7(Q). 
Let {u;o} be a sequence of functions tending 
to ug in H9(Q) with the following properties: 
each uj 1s bounded and has bounded support 
in Q, 


| Ujo (xX) < | Ug (x)| a.e. and ujo (X) Ug (x) > O ace. 


Such a sequence can be constructed as 
follows. First multiply ug(x) by an appro- 
priate cut-off function identically one on a 
large sphere. (This is obviously not necessary 
if Q is bounded.) Secondly, assuming ug 
already has bounded support, truncate it. 


That is, ujo(x) equals ug (x) if | uo (x)| < j, 
equals j if uo(x) >j and equals —j if uy (x) 
<-—j. By Lemma 1.1 of [11], ujo belongs 
to Hj (Q), and V7 (ujo) equals V up on the set 
where | Uo! <j and vanishes elsewhere. Hence 
ujo tends to ug as j-> © both in Hj(Q) and a.e. 

Let {F,. tend to F according to Lemma 
2.2. Let (Gidu = F,; G:.(x,0) =0. For each 
j, we have G,(x,ujo(x)) > G(x,ujo(x)) uni- 
formly as k-> ~. So there is a subsequence 
{G,} of {G,, such that 


fic (x, Uo; (x)) — G (x, Ug; (x))|dx > 0. 


On the other hand, G (x, ujo (x)) < G(x, uo(x)) 
ae. since uG,>0. So G(-, ujo (-)) tends 
to G(-,Ug(-)) in L’ (Q), as well as a.e. Hence 
Gj (+, Ujo(-)) tends to the same limit in 
L' (Q). 

By Lemma 2.1, there is a solution u;(x,t) of 
LI u;(x, t) = Fj (x, uj (x, t)), uj (x, 0) = ujo (x), 
Ujt (X, 0) = Uj (X). 
Note that because the prospective unique 
solution uj (x,t) vanishes outside a cone |x| 
<|t| + constant, and because ¢; (+) is bounded 
on bounded sets, Lemma 2.1 still provides 
the global solution. Note also that it suffices 
to solve for positive times only. 


Now the initial energy E;[u; (0)], where 
1 1 
Ej w(t) | - [jaws Iv win) fy 


converges to the right side of (2), which we 
denote by Eo. The energy equality asserts 
that E; [ u; (t) | = FE; [ u (0) |. Thus each term 
in El u; (t) | is bounded. It follows that {u;} 
is also bounded in Lz,.(R;L*(Q)). Thus there 
Is a@ convergent subsequence (for which we 
do not bother changing notation): 


u; > u weakly* in Lg, (R; Hj ()), 
Uj; > w weakly” in L”(R; L? (Q)). 


By compactness and a diagonal process, the 
subsequence can be chosen to converge strongly 
in L*,, and therefore a.e. 


Therefore F (x, u; (x ,t)) — F (x, u (x, t)) a.e 
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To strengthen the convergence, we use (1): 
(uje(T), uj; (T)) — (uj, (0), uj )) — < uj, Uj Dr 
+<V Uj, V U; Tr + CF; (u;), U; Ty = (), 


While the last two terms are non-negative 
the first three have a bound independent 
of j, by the energy equality. Hence <F; (uj), 
uj>r is bounded. Applying Theorem 1.1 
to any bounded set in (x,t) space and to 
X=Y=R, we conclude that F(u) is locally 
integrable and is the limit of F;(u;) strongly 
in L’ on any bounded set. 


Passage to the limit now proceeds easily. 
For any test function ¢(x,t) and any positive 
T, we have 


uj, 6 >r + <uj, oe >r = (uj (T), 6 (T)) + 
— (u; (0), ¢ (0)), 
(uj (T), 6 (T)) ~- (uj, (0), 6 O)) — <ujt, b:>2 + 
+ <Vuj, V o>r + <F; (uj), o> = 0, 


the latter equation from (1). If ¢@ vanishes 
at t=T, a passage to the limit yields 


(3) <w, > + <u, d2r = — (Uo, ¢ (0), 

(4) —(u,¢0)) — <w, or + <Vu, V o>r 
+ <F(u), o> = 0. 

In particular w=u, and [Ju=F(u). 


Now for fixed T the subsequence can 
be chosen so that u; (T) (resp. u;,(T)) converges 
weakly in H)(Q) (resp. L7(Q)). Call the 
limits € (resp. 7m). Then for general @ we 
get in (8) the additional term (£,¢(T)) on the 
right, and in (4) the term (y,¢(T)) on the left. 
In each identity we choose for ¢ a function 
equal to zero in t <'T — 6, one at t=T, and 
linear in between. Upon letting 6-0, we get 


T 
+f (aw, ») a > &w) 


and the same with u replaced by u, and é 
by 7, for all test functions w=w(x). On 
the other hand, u (resp. u,) is continuous 
with values in L?(Q) (resp. Lg,.()). So 
u(T) =é and u,(T) = 7. Similarly u (0) = up 
and u,(0)=u,. By varying T it follows that 
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u(T) (resp. u,(T)) is bounded in Hj (Q) (resp. 
L7(Q)) — for every T. Bounded sets being 
weakly compact, the weak continuity of u and 
u, follows. 

For each T we now know there is a 
subsequence such that u;(T)—u(T) weakly 
in Hj(Q) as well as a.e. Hence G; (u; (T)) > 
G(u(T)) a.e. By Farou’s lemma, 


f G(u(T)) dx < lim inf [ G; (u, (T)) dx. 
Q Q 


The asserted energy inequality (2) is a conse- 
quence of this and the weak convergence. 
Again by Fatrou, u F(u) is integrable locally 
in time. 


Proor oF Lemma 2.1. The solution may be 
constructed by successive approximations in 
the follwoing very well-known manner. De- 
fine u’ (x, t)=0 and define u™ (x, t) inductively 
as the solution of the linear problem []u™ = 
F(u™ *), u™(x,0) = uo(x), u?(x,0) = u,(x). This 
solution has finite energy since F(u™ ') € Lg,, 
(R;L7(Q)). The Lipschitz condition on F implies 
that the operator u(-) > F(-,u(-)) is Lipschitz 
from L°(Q) to L7(Q). So, subtracting the 
equations for u™ and u™ ‘ and multiplying 
by u—u;" °, we obtain for w™ =u™ —u™ ! 
the inequality 


Cn (t) = f {wi (x, t)|? +1 V w™ (wy, t)|?} dx < 


t | 
ef flv @oF dxds 
0 Q 
t 
= tf @.n—1 (8) ds. 
0 


Thus e,,(t) < (ct)™*[ (m - 1 ]7 e; (t), which 
tends to zero. Therefore u™ converges to the 
unique finite-energy solution u, which inherits 
the domain of influence property from u”. 


Proor oF Lemma 2.2. An approximating 
Sequence can be constructed in a variety 
of ways. Define 


Ey, a) = ek[ G(x,u+ e/k) - G (x, u) | for 
k* <n<k 


where e = signofu. Foru>kandu< —k, 
define F,,(x, u) to be independent of u. For 
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O0<u<k ‘and —k ‘<u <0, define it to be 
linear and to vanish at u=0. It is then clear 
from the continuity of F that F,,— F uniformly 
on bounded sets. For each k, (F;,)u is piece- 
wise continuous and vanishes for large u. 
So F, is Lipschitz in u. Clearly F, has the 
same sign as u. 


COROLLARY. Assume more generally that F 
depends on t as well as x and u and that 


uF > —-0((u|*) — 0G), 
G 2 _ 0(u°), 
G, < + 0(u*) + 0(G) 


as |u| > ©, where N = 2n/n—2) zf n> 3, N ts 
arbitrary if n=1 or 2, and G, =F. The no- 
tation A> —0(B) means that there is a constant ¢ 
such that A+cB>0 for sufficiently large |u| 
and for bounded x and t. Also, make the 
following simplifying assumptions: F(x,t,u) 7s 
a C'-function; up « Ho(@) N L*(Q); u' e L7(Q); 
uf Q ws unbounded, Up and u, have bounded 
supports and so does F(x,t,0) in each finite time 
enterval. Then there exists a finite-energy so- 
lution. 


Proor. Fust of all, the proof of Lemma 2.1 
goes through without essential change in case 
F(x,t,u) is uniformly Lipschitz in u, measur- 
able in (x,t), and F(x,t,0) belongs to L%,, 
(R;L7(Q)). Secondly, as in Lemma 2.2, there 
is an approximating sequence of functions 
{F;} uniformly Lipschitz in u (for bounded 
(x,t)), which satisfies the same inequalities 
(as stated in this Corollary) as F with the 
constants independent of j. In fact, for 
t > 0, let us define F* = F + 2a exp( —bt)u 
and (G*), =F*. Then G” satisfies 


GSoC 2GG. ar = 00a 7G), 


provided a and b are chosen sufficiently large. 
It suffices to approximate F* by functions 
F; satisfying these inequalities. We define 
F; to be equal to F” for |u| <j; independent 
of ufor u>j and u< —j in case + j F’(x,t, + j) 
>Q; linear in a small interval and zero for 
larger u in the opposite case. 


Now u;,(x, t) is defined to be the solution 
of L] u; = F;(u;), u;(0) = uo, u;,(0) = uy. Clearly 
G;(uo) tends to G(uo) in L'(Q). Writing 
E; for the energy functional with G* as the 
non-quadratic term, we have the energy 
identity 


7T ; 
E; Lu; (T) ]=E; Luo) ] + fi f [Gi (uy) + 
— 2ae ui; uit ] dxdt. 


These integrals are extended only over the 
support of u;, which belongs to some fixed 
cone |x| < |t| + onstant. Estimating Gj (u)) 
in terms of Gj (u;) and u;u;z by Scuwarz’s 
inequality, we obtain 


* * . 
i; [ u; (T) | < eof Tuo]+ f iL uo Ja] 


with c, independent of j and T. So E;[ u(t) | 
is bounded locally in t, uniformly in j. In 
particular, by Sosotrv’s theorem, {u;} is 
bounded in Lg,.(R;L‘(Q)). So, by assump- 
tion, the functions {u;F;(u;)} are bounded 
below by a fixed function integrable on 
Q X (0, T), for each T. 


On the other hand, multiplying the dif- 
ferential equation by u; as in the proof of Theo- 
rem 2, we have the integrals of u; F(u;) (with- 
out absolute values) over Q(0,T) bounded. 
Therefore their absolute values have bounded 
integrals (for each T). The proof continues 
as in Theorem 2. 


Remark. The support restrictions on uo(x), 
u,(x) and F(x,t,0) could probably be removed 
by exploiting the hyperbolic character of the 
differential equation. 


8. ASYMPTOTIC BEHAVIOR 


Let G(x,u) be a C” function defined 
for x e R" and u real, and let F = 0G/du. 


Assume: 

(5) G=0 for |x| >p and all u, 

(6) uG, > (2+ 6)G > 0 for’ some 6 > 0, 
(7) G.,< —6|VG| where r= |x!. 


An. Acad. brasil. Ciénc., (1970), 42 (4). 


650 


EXAMPLE. _F(x,u) = q(x) lu|/? *u where p>1, 
q(x) >0, dq/dr <0 and q(x) has compact support 
and is radial. 

In [10] it is shown that smooth solutions 
of []u = F(x,u) (in all space-time) decay in 
a certain manner as t—>+o ifnisodd. Here 
we show by means of a passage to the limit 
that generalized (weak) solutions can be 
constructed with the same decay property. 
Other estimates — for instance the ones in 
section 2 of [9] — can be extended to weak 
solutions in a similar manner. 


Instead of (6) above, the more general 
conditions 


u G, > 2G > 0 and 
(6*) 

G<e,(u G, —“2G) + cu 
(c, and cy are fixed constants) could be imposed. 
Thus F may be linear as a function of u. 
Also, G need not be assumed so smooth. 


Turorrem 3. Let the initial data Up and uy 
have support in |x| <p, u, € L? (R") and uo € 
H'(R"). Let ihe dimension n be odd > 3. 
Then there exists a finite-energy solution of 
Llu = F(x,u), just as in Theorem 2 withQ = R*, 
which satisfies the decay estimate 


E,[u (t)] < ye**"? E[u@] 


for |\t| >s+p, where y and a depend only on n,p 
and 6 (only on n,p,c; and cg under assumption 
(6*)) and where 


pLutt)]= J ae in(s,t)2+ 1 Vues,t)/P+ 


+ G(x,u (x, 0)| dx. 


The approximate problem must be cons- 
tructed to satisfy the estimates uniformly 
with respect to the approximation as well as 
to possess smooth solutions. 


Lemma 3.1. Let F(x,u) be a C* funetion 
with G(x,u) >0, F(x,0) =0 which enjoys the 
growth condition 


(8) |FuG,u)| = O({ul’) as jul © 


uniformly in x, where p = 2/(n—2) and k= 3+ 
[n/2]. Let ug and u, be C” with compact 
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support. Then the initial-value problem for 
Clu = F(x,u) has a unique C*-solution for which 
Ko [ u(t) | is independent of t. 


Lemma 3.2. The function F of Theorem 3 
can be approximated by a sequence of CG 
functions {F;} such that (i) F; >F uniformly 
onQX[—T,T] for any T; (ii) each F; satisfies (8) 
— but with a bound that may depend on j; (ili) 
the estimates (5), (6) or (6*), and (7) hold for 
each G; with the same constants, p,6,¢1,Cc2 (where 
as usual G; is an idefinite integral of F)). 
Proor oF THEOREM 3. First assume that F 
satisfies the conditions of Lemma 3.1 in 
addition to (5), (6*) and (7) and that uo « Ho, 
u, ¢ L’ with supports in |x|<p. Then the 
unique solution of Lemma 2.2 is a limit (in 
the energy sense) of the smooth solutions of 
Lemma 3.1. By [10] the smooth solutions 
uniformly satisfy the decay estimate. So 
does their limit. 

Now let F;—>F as in Lemma 3.2. Let 
ujo be the truncated function of uo (as in the 
proof of Theorem 2, but the cut-off function 
is of course no longer necessary). Consider 
the solution of 


Lu; = F;(u;), u;(x,0) = Uo; (x), U;¢ (x,0) = U; (x). 


Replacing {T;\ by an appropriate subsequence 


as in the proof of Theorem 2, we can make 
sure that G;(uo;) tends to G (uo) in L’. We 
proceed as in that proof, but in addition 
we have 


Ej.Lu; (t) ] < ye**- Eu; 0) ], 


using obvious notation. Here y and a depend 
only on n, p and 6 (or ¢; and ¢,) but not on j. 
Passing to the limit we have E; [ u;(0) ]> Ec 
and 


E,[ u(t) ] < lim inf E;,[u; (t) ] 


by the weak convergence and Farou’s lemma. 
Thus u(x,t) inherits the same estimate. 


Proor or Lemma 3.1. Define u(x,t) as 
in the proof of Lemma 2.1. In the present 
case it is a C” function with compact support 
in x for each t. Multiplying the equation 
by u; and noting that G>O, we find the 
energy of u™ to be bounded uniformly in m. 


} | 


— - @ -— -—- _ ee 


ON WEAK SOLUTIONS OF SEMI-LINEAR HYPERBOLIC EQUATIONS 651 


In addition, although the Lipschitz condition 
is now weakened, we still have (for functions 
v = v(x), w = w(x)) 

1 


|F(v) — Pw)? ax? <e({[v||+ 
+ || wl)" lv — wl 


by SoBOoLEv’s inequality where || || denotes 
the norm in H'(R*). Applying this to v = u™ 
and w=u™ ', the proof continues essentially 
as before. Regularity follows from the “escalat- 
ed” energy estimates. Essential details may 
be found in [5] or [8]. 


Proor oF LeMMA 3.2. Define G;(x,u) equal 
to G(x, u) if |u| <j, and equal to ¢; (x, u) lu|?*” 
if |u| >j. Here ¢; has the following properties. 
(A) ¢; is defined so that F; possesses k con- 
tinuous derivatives. (B) ¢; is ‘independent 
of u for u>j+1 and for u< —j -—1. (C) 
9; = 0, U ($;)u = 0, ($j) = = 9 |V ¢j|, 9; = 0 
for |x| >. Then (i) is obvious. To prove 
(ii), observe that 


(Fu =(1+p)(2+p)lul’ 9 for jul>j+1, 


while ¢; is bounded. To verify (iii), let 
lul > j. Then 


uF; — 2G; = plul?*” + ug), |ul?t? > p G.. 
This proves (6*) for Gj. 
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